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Introduction
According to Thurston, for any analytically finite Riemann surface R, the set
G(R) of all projective geodesic laminations in R can be made into a topological space
homeomorphic to a sphere of dimension depending on the topology of R. Understand-
ing the space G(R) is important for various approaches to the Teichmu¨ller space and
the mapping class group of R. The space G(R) was then investigated by several au-
thors from many different points of view. See [3–10], [12, 13, 15], and references
there in.
In this paper, we consider the space G = G( ) for any integer ≥ 4, where
is an -punctured sphere endowed with a hyperbolic metric. Note that G is homeo-
morphic to a sphere of dimension 2 − 7.
This work was an attempt to generalize the projective coordinates defined in [3, 4]
to an arbitrary G . This work and that of Keen, Parker and Series [10] are essentially
based on cutting sequence technique developed by Birman and Series [2], and comple-
ment the works of Masur and Minsky [12, 13].
Let G be the set of all simple closed geodesics on . For = 4 or 5, the author
has defined a set of projective coordinates for G so that the completion of these co-
ordinates parametrize G , (see [3, 4]). The coordinates of each γ ∈ G are geometric
intersection numbers of γ with 2( − 3) fixed geodesics in G , and read off directly
from the topology of γ. Moreover, these coordinates have three remarkable applica-
tions. First, the geometric intersection number of any two geodesics in G can be for-
mulated explicitly in terms of the corresponding coordinates. Secondly, the coordinates
of each γ ∈ G determine a canonical expression of γ as a word in a given set of gen-
erators for the fundamental group π1( ). Finally, the coordinates of each γ ∈ G
are related to trace polynomials of the transformations corresponding to γ in a fam-
ily of regular -groups uniformizing .
For an arbitrary ≥ 5, following [3, 4], we shall choose − 3 fixed triples
(γ1 γ2 γ3) of geodesics in G (1 ≤ ≤ − 3), and compute the geometric intersec-
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tion numbers (γ γ ), called the elementary intersection numbers of γ. The elementary
intersection numbers of γ will determine a set of parameters for γ.
The geodesics γ are defined explicitly in §1.2. They are chosen intuitively as
described below. First, we line up the punctures of , say ζ1 . . . ζ . For every ,
the geodesic γ1 is chosen to separate ζ1 . . . ζ +1 from ζ +2 . . . ζ . These geodesics
γ1 determine −3 subsurfaces of each of which is homeomorphic to a four punc-
tured sphere. Two of them are isometric to spheres with three punctures and one hole,
denoted by (1)4 and
( −3)
4 , and the others are isometric to spheres with two punctures
and two holes, denoted by ( )4 , 2 ≤ ≤ − 4. More explicitly, (1)4 is the subsur-
face containing ζ1, ζ2 and ζ3 with the boundary geodesic γ12 ;
( −3)
4 is the subsurface
containing ζ −2, ζ −1 and ζ with the boundary geodesic γ1−4;
( )
4 is the subsurface
bounded by γ1−1 and γ1+1 for 2 ≤ ≤ − 4. For every , we choose γ2 so that
γ1 and γ2 form a marking of a four punctured sphere as γ∞ and γ0 given in [3].
The geodesic γ3 plays the role of γ1 given [3] which is obtained from γ2 by a half-
twist along γ1.
The main work of this paper is to find formulas for computing elmentary in-
tersection numbers so that the formulas agree with that given in [4] when = 5.
These formulas will be called elementary intersection formulas. To derive these for-
mulas, we introduce 2( − 3) integers for each γ ∈ G , denoted by (γ) and (γ)
for 1 ≤ ≤ − 3, (see §2.1 and §2.4). These integers are defined analogously to
the projective coordinates given in [3, 4]. For γ ∈ G , every (γ) is defined to be
(1/2) (γ γ1), and the sign of every (γ) is determined by the symmetry of a funda-
mental domain for a Fuchsian representation of π1( ) acting on the upper half plane.
With these integer valued functions and , we prove in §2.5 the elementary inter-
section formulas (Theorem 2.10) by applying induction to the number of punctures.
In this paper, we develop a new idea that makes the induction work for ≥ 5, (cf. Re-
mark 2.3).
As an application of elementary intersection formulas, at the end of the paper, we
construct a continuous map from G into a sphere ⊂ R3( −3) of dimension 2 −7
whose restriction to G is written explicitly in terms of and .
It would be very interesting to derive a geometric intersection formula as given
in [3, Theorem 2.6] and [4, Theorem 3.1] for any two geodesics in G . With the for-
mula, one proves easily the injectivity of . To prove that the integers (γ) and
(γ) form a set of projective coordinates for γ ∈ G , one also need the surjectivity
of the map : G −→ . This will follow if (G ) is dense in . For the proof,
one may consider π1-train tracks introduced by Birman and Series [1], (cf. [3, 4]).
The work will appear elsewhere.
1. Preliminaries
1.1. The space of complete simple geodesics. For any integer ≥ 4, a loop
on with no self intersections will be called a simple loop. An essential simple loop
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on is a simple loop which is neither homotopically trivial nor homotopic to a sim-
ple closed curve around to a puncture of . A finite union of mutually disjoint essen-
tial simple loops on will be called a multiple simple loop. The set of all free ho-
motopy classes of non-oriented essential simple loops on is denoted by G , while
the set of all free homotopy classes of non-oriented multiple simple loops is denoted
by GL . Obviously, G ⊂ GL .
In general, we shall use [α] for the free homotopy class represented by a curve
α lying on . Every element of G contains a unique geodesic γ on . By abuse
of notation, we shall also use γ for the free homotopy class containing γ.
We shall write every element of GL as an integral combination of elements
of G . For every integer > 1, we use Z+ for the set of -tuples ( 1 . . . ) of in-
tegers ≥ 0 with ∑
=1 > 0, and for the set of -tuples (γ1 . . . γ ) of mu-
tually disjoint geodesics in G .
Let α be an arbitrary multiple simple loop on . All connected components of α
fall into at most − 3 distinct free homotopy classes. There exist ( 1 . . . −3) ∈
Z −3+ and (γ1 . . . γ −3) ∈ −3 such that, for every , α has exactly connected
components freely homotopic to γ . We shall write:
[α] = 1γ1 ⊕ · · · ⊕ −3γ −3 =
−3⊕
=1
γ
Let [G R+] be the set of all functions from G into the set R+ of all non-negative
real numbers. We provide G with the discrete topology, and provide [G R+] with
the compact-open topology.
Two elements and of [G R+]−{0} are called projectively equivalent if there
is a positive number such that = . Let P[G R+] be the set of all projective
equivalence classes in [G R+] − {0} provided with the quotient topology. Let π be
the quotient map of [G R+]− {0} onto P[G R+].
Following [5], we embed GL into [G R+] by using geometric intersection num-
bers of elements of GL . For any two curves α1 and α2 on , let #(α1 ∩ α2) de-
note the cardinality of the intersection α1 ∩ α2. The geometric intersection number
([α1] [α2]) of [α1] with [α2] is defined by
([α1] [α2]) = min{#(α′1 ∩ α′2) : [α′ ] = [α ] for = 1, 2}
It follows immediately from the definition that, for any curve β on , −3⊕
=1
γ [β]
 = −3∑
=1
· (γ [β])
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Every α ∈ GL induces a function I ( )α : G −→ R+ given by
I ( )α (γ) = (α γ) for all γ ∈ G .
Let I ( ) : GL −→ [G R+] be defined by
I ( )(α) = I ( )α for all α ∈ GL .
When there is no risk of confusion, we shall simply write π as π, write I ( )α
as Iα, and write I ( ) as I.
It is well known that the composition πI is injective [5, Expose´ 3], and that
πI(GL ) = πI(G ) [5, Expose´ 4, Theorem 4], where πI(GL ) and πI(G ) denote
the closures of πI(GL ) and πI(G ) in P[G R+], respectively. These results are orig-
inal due to Thurston [15].
Note that an element L of P[G R+] is in πI(G ) if and only if for any
in [G R+] − {0} with π( ) = L there exist a sequence { }∞=1 of positive numbers
and a sequence {γ }∞
=1 of geodesics in G such that the sequence { Iγ }∞=1 converges
to . A sequence { }∞
=1 in [G R+] is called convergent to ∈ [G R+] if for every
γ ∈ G the sequence { (γ)}∞
=1 converges in R to (γ).
1.2. Cyclic reduced words. It is well known that every free homotopy class
in G corresponds to a unique conjugacy class in the fundamental group of . Now,
we consider a Fuchsian representation of the fundamental group of acting on
the upper half plane U = { ∈ C : Im > 0}, and find a representative for each
conjugacy class in by using Birman and Series’ cutting sequence techenique [2].
Let be the subgroup of (2 R) generated by the following transformations
1 =
(
1 2( − 2)
0 1
)
2 =
(
1 0
2 1
)
− −2 =
(
2 + 1 2 ( + 1)
2 2 + 1
)
where 1 ≤ ≤ − 3 are integers.
For every integer with 1 ≤ ≤ − 3, let be the isometric circle
of , and ′ be the isometric circle of −1. Let −2 be the isometric circle of 2,
and ′−2 be the isometric circle of
−1
2 . Let
′
0 = { ∈ C : Re = −( − 2)} and 0 = { ∈ C : Re = − 2}
Note that 1( ′0) = 0, and that the polygon D ⊂ U bounded by and ′ , 0 ≤ ≤
− 2, is a fundamental domain for acting on U .
For simplicity, we shall schematically draw D as a rectangular region. See Fig. 1
for = 4, 5, 6, where the points on the boundary of D marked by “×” correspond
to punctures of .
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−1
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−1
2
−1
2
−1
2 222
−1
1−1
1
−1
1
1
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−1
2
2
2 −1
3 3
Fig. 1. The fundamental domain D for = 4, 5, 6.
Let denote the set of all side pairings of D , i.e.,
= { 1 −11 2 −12 −1 : = 1 . . . − 3}
For every ∈ , we label the common side of D and (D ) by −1 on the side
inside D and by on the side inside (D ), (cf. Fig. 1). This side will be called
the -side of D .
For every ∈ , the image (D ) will be called a -translate of D . We trans-
port the above side labelling to all -translates of D .
For any closed curve γ in , let γ˜ be a lift of γ to U which starts on a side of a
-translate of D and projects to γ bijectively, except the endpoints of γ˜. Let 0 ∈ U
be an endpoint of γ˜, and we orient γ˜ so that its initial point is 0. The arc γ˜ cuts
in order the -translates 0(D ), 1(D ) . . . (D ) of D . For every integer with
1 ≤ ≤ , let ∈ be the label of the common side of −1D ) and (D ),
interior to (D ). Then = −1−1 ◦ for every , and γ is represented by
( −10 ◦ 1) ◦ ( −11 ◦ 2) ◦ · · · ◦ ( −1−1 ◦ ) = 1 ◦ 2 ◦ · · · ◦ =
∏
=1
Such an expression is called a -word representing γ. See [4, §1.2] for a full discus-
sion.
A -word
∏
=1 will be called reduced if 6= −1+1 for 1 ≤ ≤ − 1. It is
called cyclically reduced if in addition 1 6= −1.
Let γ be a simple loop on represented by a -word given above. For every
1 ≤ ≤ , let be the image of the intersection of γ˜ with (D ) mapped by −1,
where D is the relative closure of D in U . Note that each is a simple arc in D
connecting the −1-side to the +1-side, where +1 = 1. Each will be called
a strand of γ.
Let α be a multiple simple loop on . A strand of a connected component of α
will be also called a strand of α.
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Fig. 2. From the left to the right : γ11 , γ21 , γ31 .
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−1
+1
−1
+1+1 +1 +1
Fig. 3. From the left to the right : γ1, γ2, γ3, 2 ≤ ≤ − 4.
A loop on is called reduced if it is represented by a cyclically reduced
-word. A multiple simple loop α on is called reduced if every connected com-
ponent of α is reduced. Note that a simple loop or a multiple simple loop on is
reduced if and only if every strand of the loop connects two different sides of D . It
is easy to see that every simple closed geodesic on is a reduced loop. Thus every
free homotopy class of multiple simple loops on contains a reduced one.
If γ ∈ G is a geodesic represented by a reduced -word , then γ is also rep-
resented by an arbitrary cyclic permutation of . If γ′ is a geodesic which has the
same underlying set with γ but opposite orientation, then γ′ is represented by −1.
Because we are only interested in non-oriented simple loops, we shall identify all re-
duced -words which are cyclic permutations of or cyclic permutations of −1,
and call any one of them a cyclic reduced -word representing γ. Every cyclic re-
duced -word is cyclically reduced.
As examples, let γ ∈ G be the geodesics given in Fig. 2, Fig. 3 and Fig. 4,
where and are integers with 1 ≤ ≤ − 3 and 1 ≤ ≤ 3. See introduction for
a geometric interpretation of γ . Each γ is represented by a cyclic reduced -word
as given below:
(i) 11 = 1, 21 = 1 −12 , 31 = 1 −11 2;
(ii) 1 = , 2 = −1 −1+1 , 3 = +1 −1 −1 for 2 ≤ ≤ − 4;
(iii) 1−3 = −3, 2−3 = 2 −1−4 and 3−3 = 2 −1−3 −4.
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Fig. 4. From the left to the right : γ1−3, γ2−3, γ3−3.
1.3. Subwords and admissible subarcs. Let ˆG = G − {γ1 : 1 ≤ ≤ − 3}.
Let γ ∈ ˆG be a geodesic represented by a cyclic reduced -word = ∏
=1 .
Note that > 1. For any two integers 1 ≤ ≤ and 1 ≤ ≤ , the reduced -word
′
= · · · + −1(1)
will be called a subword of , where + = + − whenever 1 ≤ ≤ and + > .
We shall relate ′ to γ geometrically. For every , let be the strand of γ
connecting the −1−1-side to the -side, where −1 = if = 1. Assume that
1 ≤ < , i.e., ′ 6= . We think that ′ “represents” a subarc γ′ of γ. We choose
γ′ to be the projection to of the union ∪ + −1
=
. Each of the arcs 1 . . . + −1 is
called a strand of γ′.
This arc γ′ has two distinct endpoints. One of the two endpoints is the projec-
tion of the endpoint of on the −1−1-side, and the other one is the projection of
the endpoint of + −1 on the + −1-side. The word given in (1) is not clear enough
to indicate the endpoint on the −1−1-side. To distinguish it from cyclic reduced words
representing simple closed geodesics, we write the reduced -word representing γ′ as
~ −1 ′ = ~ −1 · · · + −1(2)
where ~ −1 is to indicate that ~ −1 ′ is not cyclic, and to indicate that one of
the endpoints of γ′ is the projection of a point on the −1−1-side.
A subarc of a geodesic γ ∈ G will be called admissible if either it is γ itself, or
is represented by a reduced -word as given in (2).
REMARK 1.1. For ε = ±1, ∈ , 1, 2 ∈ − { ±1}, and an integer > 1,
we shall write
1
ε · · · ε︸ ︷︷ ︸
times
2 = 1
ε
2
Let γ ∈ ˆG be a geodesic represented by a cyclic reduced -word (γ). By the
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same reasoning as that in [3, §3], there are no admissible subarcs of γ ∈ G repre-
sented by any one of the following words:
~ ε
1
ε
1
~ ε
2
ε
2
~ δ
1
ε
1
δ
1
~ δ−3
ε
2
δ
−3
~ ε
1 1
δ
1
~ ε
2 −3
δ
2
~ ε δ
+1
ε ~ ε
+1
δ ε
+1
where ε, δ ∈ {1 −1}, 6= 0 is an integer, and 1 ≤ ≤ − 4. Therefore, none
of the words ε1 ε1 , ε2 ε2 , δ1 ε1 δ1 , δ−3 ε2 δ−3, ε1 1 δ1 , ε2 −3 δ2 , ε δ+1 ε and
ε
+1
δ ε
+1 is a subword of (γ).
1.4. The free homotopy relative to Dn. To be able to relate the geometric
intersection number of two geodesics in G to the intersection of their admissible sub-
arcs, we shall define the free homotopy relative to ∂D on a family of curves on
which contains all admissible subarcs of geodesics in G .
The union of a finite number of mutually disjoint simple curves on will be
called a multiple simple curve. Let A be the family of all multiple simple curves β
on satisfying the following three properties.
(i) β lifts to a finite number of mutually disjoint simple arcs in D , called the strands
of β.
(ii) Except the endpoints, each strand of β lies in the interior of D .
(iii) Each strand of β connects two different sides of D .
Note that A contains all reduced multiple simple loops on , and contains all
admissible subarcs of geodesics in G .
Two multiple simple curves β1 and β2 in A will be called freely homotopic rela-
tive to ∂D , written by β1 ∼ β2 (rel. ∂D ), if for any two distinct , ′ ∈
#(strands of β1 connecting the -side and the ′-side)
= #(strands of β2 connecting the -side and the ′-side).
Note that two reduced multiple simple loops on are freely homotopic if and only
if they are freely homotopic relative to ∂D . For β ∈ A, let
[β]∂D = {β′ ∈ A : β′ ∼ β (rel. ∂D )}
and we shall call a strand of β a strand of [β]∂D .
Now, we may define the strands of a free homotopy class α ∈ GL as follows.
Write α =
⊕
=1 γ , where (γ1 . . . γ ) ∈ , and , 1 . . . are positive inte-
gers with ≤ − 3. A strand of some γ is called a strand of α. Similarly, an ad-
missible subarc of some γ is called an admissible subarc of α.
For β1, β2 ∈ A, we define
([β1]∂D [β2]∂D ) = min{#(β′1 ∩ β′2) : β′1 ∼ β1 and β′2 ∼ β2 (rel. ∂D )}
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where #(β′1∩β′2) denotes the cardinality of the intersection β′1∩β′2. For simplicity, from
now on we shall write
([β1]∂D [β2]∂D ) = ([β1] [β2])∂D
for β1, β2 ∈ A. Note that if β1 and β2 are reduced multiple simple loops, then
([β1] [β2])∂D = ([β1] [β2]).
1.5. Four automorphisms of GLn. We have set up a very symmetric funda-
mental domain D for . As we did in [4], by use of the symmetry of D , we may
cut down our discussion to fewer cases by introducing four automorphisms 1, 2, T1
and T2 of defined by
1( ) = −1 for ∈ { 1 2 : 1 ≤ ≤ − 3};
2( 1) = 2 2( 2) = 1 and 2( ) = − −2 for 1 ≤ ≤ − 3
T1( 1) = −11 1 and T1( ) = for ∈ { 2 : 1 ≤ ≤ − 3};
T2( 2) = −12 −3 and T2( ) = for ∈ { 1 : 1 ≤ ≤ − 3}
It follows from Nielsen’s isomorphism theorem ([14] or [11, Theorem V.H.1]) that
for = 1 or 2, each of the automorphisms and T induces a homeomorphism
of onto itself, still denoted by and T .
Let ϕ be any one of the four homeomorphisms 1, 2, T1 and T2. The action
of ϕ on GL is defined as follows. For every geodesic γ ∈ G , let ϕ(γ) denote the free
homotopy class containing the homeomorphic image of γ under ϕ. As before, let ϕ(γ)
also denote the geodesic in the free homotopy class ϕ(γ). Thus ϕ extends naturally
to GL such that
ϕ
 −3⊕
=1
γ
 = −3⊕
=1
ϕ
(
γ
)
where ( 1 . . . −3) ∈ Z −3+ and (γ1 . . . γ −3) ∈ −3.
Note that if γ ∈ G is represented by a cyclic reduced -word , then ϕ(γ) is
represented by ϕ( ).
2. Elementary Intersection Numbers
In this section, we generalize elementary intersection numbers of elements of GL5
[4, §2.1] to elements of GL , and prove the elementary intersection formulas.
2.1. The integer valued functions Ij . Let γ ∈ G be the geodesics given
in §1.2. For any α ∈ GL , the geometric intersection numbers (α γ ) are called the
elementary intersection numbers of α.
732 Y. CHIANG
Note that if β1 and β2 are two simple closed curves on a 2-sphere, and if they
intersect transversally at every point of intersection, then #(β1 ∩ β2) is an even integer.
Thus (α1 α2) is an even integer for any two α1, α2 ∈ GL . We shall write
(α) = (α γ
1)
2
for α ∈ GL , and for 1 ≤ ≤ − 3. Note that if γ ∈ G is represented by a cyclic
reduced -word (γ) = , then
1(γ) = #(strands of α with an endpoint on the 1-side)
= the total number of the letters 1 and −11 appearing in ;
−3(γ) = #(strands of α with an endpoint on the 2-side)
= the total number of the letters 2 and −12 appearing in .
Thus for α ∈ GL we have
1(α) = #(strands of α with an endpoint on the 1-side);
−3(α) = #(strands of α with an endpoint on the 2-side).
Since 1(γ1) = γ1 and 2(γ1) = γ1− −2, the following proposition is an immedi-
ate consequence of the definition.
Proposition 2.1. If α ∈ GL , then
(α) = ( 1(α)) and (α) = − −2( 2(α)) for 1 ≤ ≤ − 3.
By an argument similar to the one in the proof of [4, Proposition 2.2 (i), (ii)], we
obtain:
Proposition 2.2. Let α ∈ GL . For any integer , T1 (α) = α when 1(α) = 0,
while T2 (α) = α if −3(α) = 0.
Proposition 2.3. If α ∈ GL , and if is an integer, then
1(α) = 1(T (α)) and −3(α) = −3(T (α)) for = 1, 2.
Proof. Since γ11 and γ1−3 are invariant under each T , the proof is straightfor-
ward.
Proposition 2.4. If α ∈ GL , and if , and are integers with 1 ≤ ≤ 3,
then
(α γ ) = (T1 (α) γ ) for 1 < ≤ − 3, and
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(α γ ) = (T2 (α) γ ) for 1 ≤ < − 3.
Proof. By Proposition 2.2, we have T1(γ ) = γ for 1 < ≤ − 3, and T2(γ ) =
γ for 1 ≤ < − 3. The proof is complete.
2.2. Cyclic semi-reduced words. To compute elementary intersection numbers,
we associate to geodesics in G cyclic semi-reduced -words, which are defined anal-
ogously to those in [4, §2.2].
Let γ ∈ G with −3(γ) > 0. Assume that γ is represented by a cyclic reduced
-word (γ). If ε2 or ε2 is a subword of (γ) with ε = ±1 and ∈ −
{ ±12 ±1−3}, we shall write
ε
2 =
ε
2
0
−3 and ε2 = 0−3 ε2
Similarly, for a geodesic γ ∈ G with 1(γ) > 0, if ∈ − { ±11 ±11 }, and if
ε
1 or
ε
1 is a subword of (γ), then we write ε1 = ε1 01 and ε1 = 01 ε1 .
The resulting cyclic -word is called a semi-reduced, still denoted by (γ).
As in [4, §2.5], we shall write cyclic semi-reduced -words in two canonical
forms. First, we subdivide GL into four classes.
Note that every geodesic in G can not simultaneously have a strand joining
the ε2 -side to the −3-side and a strand joining the ε2 -side to the −1−3-side for ε = 1
or −1, (see Remark 1.1).
Let GL+( −3) be the set of elements of GL which have no strands connecting
the −3-side to the ε2 -side for ε = ±1. Let
GL−( −3) = 1
(GL+( −3))
and let
GL+( 1) = 2
(GL+( −3)) and GL−( 1) = 2(GL−( −3))
Consequently, GL−( 1) = 1(GL+( 1)). We remark that α ∈ GL+( 1) if and only if α
has no strands connecting the 1-side to the ε1 -side for ε = ±1. The set G is then
subdivided into four subclasses as:
G+( 1) = G ∩ GL+( 1) and G−( 1) = 1
(G+( 1))
G+( −3) = G ∩ GL+( −3) and G−( −3) = 1
(G+( −3))
Now, by the same reasoning as in [4, §2.5], every γ ∈ G with 1(γ) > 0 or
−3(γ) > 0 is represented by a cyclic semi-reduced -word as given below.
First, assume that −3(γ) = > 0. There exist triples (ε ) of integers
with ε = ±1, ≥ 0 and ≥ 0, and there exist reduced -words = ∏ν
=1
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with 1, ν ∈ −{ ±12 ±1−3}, and ∈ −{ ±12 } when 1 < < ν such that
γ ∈ G−( −3) =⇒ =
∏
=1
−
−3
ε
2 −3 ;(3)
γ ∈ G+( −3) =⇒ =
∏
=1
−3
ε
2
−
−3(4)
If 1(γ) = > 0, by considering 2(γ), then γ is represented by
=
∏
=1
−
1
ε
1 1
where (ε ) are integers with ε = ±1 and ≥ 0, and where = ∏ν
=1
are reduced -words with 1, ν ∈ −{ ±11 ±11 }, and ∈ −{ ±11 } when
1 < < ν . Moreover, γ ∈ G−( 1) if and only if ≥ 0 and ≥ 0 for all , while
γ ∈ G+( 1) if and only if ≤ 0 and ≤ 0 for all .
We remark that any word given above is reduced if each > 0.
2.3. Essential blocks and puncture-like blocks. We shall compute elementary
intersection numbers by applying mathematical induction to the number of punc-
tures. From now on, we assume that ≥ 5.
To be able to apply mathematical induction to , we first embed GL −1 into GL .
Let : −1 −→ be the monomorphism defined by
( 1) = 1 ( 2) = −3 and ( ) = for 1 ≤ ≤ − 4
The monomorphism induces an injective map of G −1 into G , also denoted by .
If γ ∈ G −1 is represented by a cyclic reduced (or semi-reduced) −1-word , then
(γ) is represented by ( ).
Let G( −1) be the image of G −1 mapped by , and let GL( −1) be the set of all
elements of GL of the form
−4⊕
=1
γ
where ( 1 . . . −4) ∈ Z −4+ , and γ ∈ G( −1) are mutually disjoint geodesics. Note
that if γ ∈ GL( −1), then 2 −3(γ) = (γ γ1−3) = 0.
The geodesic γ1−3 divides into two connected components. One of them is
a sphere with − 2 punctures and one hole, denoted by ( −1), and the other one is
a sphere with two punctures and one hole, denoted by (3). Note that the punctures
of (3) correspond to the fixed points of the transformations 2 and 2 −1−3. Also note
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that ( −1) is homeomorphic to −1, and (3) is homeomorphic to a 3-punctured
sphere. It follows from the definition that every γ ∈ GL( −1) contains a representative
lying on ( −1). Thus we can do an induction after we relate free homotopy classes
in GL to free homotopy classes in GL( −1).
To relate free homotopy classes in GL to that in GL( −1), we consider the set
GL0 of all free homotopy classes in GL which have no strands connecting the ε2 -side
to the -side, where ε = ±1, and where ∈ − { ±12 ±1−3}. Let G0 = G ∩ GL0 .
It follows immediately from the definition that if γ ∈ GL with −3(γ) = 0, then
γ ∈ GL0 . In particular, GL( −1) ⊂ GL0 .
Let γ ∈ G with −3(γ) = > 0. Then γ ∈ G−( −3) ∩ G0 if and only if it is
represented by a cyclic reduced -word as given in (3), while γ ∈ G+( −3) ∩ G0 if
and only if it is represented by a cyclic reduced -word as given in (4) with > 0
and > 0 for all .
The admissible subarcs of every γ ∈ GL0 fall into two classes. One contains ad-
missible subarcs of γ which are freely homotopic relative to ∂D to simple curves
lying on ( −1). The other class contains admissible subarcs of γ which are freely
homotopic relative to ∂D to simple curves lying on (3). We shall relate γ to free
homotopy classes in GL( −1) by relating the admissible subarcs of γ in the first class
to elements of GL( −1).
Any γ ∈ GL can be related to an element of GL0 as follows.
Proposition 2.5. Let γ ∈ GL .
(i) If γ ∈ GL+( −3), then T −22 (γ) ∈ GL0 ∩ GL+( −3).
(ii) If γ ∈ GL−( −3), then T 22 (γ) ∈ GL0 ∩ GL−( −3).
Proof. It suffices to prove (i) for γ ∈ G+( −3). There is nothing to prove
if −3(γ) = 0. If −3(γ) = > 0, then γ is represented by the cyclic
semi-reduced -word given in (4). Now, the assertion follows since T −22 ( ) =∏
=1
+1
−3
ε
2
− −1
−3 .
With Proposition 2.5, we may restrict our attention to the subclass GL0 of GL .
Before continuing our discussion, we choose once for all an orientation for
the -side of D , where ∈ { −3 −1−3 −4 −1−4}. Note that −4 −1−3 is
parabolic since the trace of −4 −1−3 is −2. Let ζ be the fixed point of the trans-
formation −4 −1−3. For = −3 or −4, if 1 and 2 are two points lying on
the -side, and if 1 lies between ζ and 2, then we write 1 ≺ 2. If 1 and 2
are two points lying on the −1-side, we write 1 ≺ 2 whenever ( 1) ≺ ( 2).
Proposition 2.6. Let γ ∈ G+( −3) with −3(γ) = > 0, and let γ be repre-
sented by the cyclic reduced -word given in (4).
If γ has a strand joining the −3-side to the −4-side, and has a strand joining
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the −3-side to the −1−4-side, then = −4 or =
−1
−4 for some .
Proof. Let 1 ≺ · · · ≺ be the points where the strands of γ meet
the −4-side. For every integer with 1 ≤ ≤ , let ′ be the point on the −1−4-side
identified with by the transformation −4. Let be the strand of γ with an end-
point at 1, and let ′ be the strand of γ with an endpoint at ′1 .
By assumption, must connect the −3-side and the −4-side, and ′ must con-
nect the −3-side and the −1−4-side. The union ∪ ′ projects to an admissible subarc
γ′ of γ rerpresented by ~ −1−3 −4 −3 or ~
−1
−3
−1
−4 −3.
Assume that γ′ is represented by ~ −1−3 −4 −3. Let be the endpoint of
on the −3-side. We orient γ′ so that the projection of to is the initial point
of γ′. Since γ ∈ G0, then the subword ′ = −1−3 −4 −3 of must be followed by
a subword of the form −3 ε2
−
−3 for some integers ε = ±1, ≥ 0 and > 0.
On the other hand, consider the subarc γ′′ of γ which has the same underlying set
with γ′ but with the opposite orientation. Then γ′′ is represented by ~ −1−3
−1
−4 −3.
Thus −1−3
−1
−4 −3 is a subword of −1 and is followed by a subword of the form
′
−3
ε′
2
− ′
−3 for some integers ε′ = ±1, ′ ≥ 0 and ′ > 0. We conclude that
′
−3
−ε′
2
− ′
−3 · ′ · −3 ε2 −−3 =
′
−3
−ε′
2
− ′−1
−3 −4
+1
−3
ε
2
−
−3
is a subword of . This proves that = −4 for some .
Similarly, if γ′ is represented by ~ −1−3
−1
−4 −3, then there is an integer such
that = −1−4.
Blocks of simple closed geodesics. Let γ be given in Proposition 2.6. For every
integer with 1 ≤ ≤ = −3(γ), let γ be the admissible subarc of γ represented
by ~ −1−3 −3. Every γ will be called a block of γ.
Let ( )0 be the strand of γ joining the −3-side to the 1-side with the end-
point on the −3-side, and let ( )1 be the strand of γ joining the −1ν -side to
the −3-side with the endpoint on the −1ν -side. Let ′ be the point on the
−1
−3-
side which is identified with by the transformation −3.
Now, we replace ( )1 by a simple arc ˜
( )
1 joining to ′ so that ˜( )1 is disjoint
from all strands of γ except possibly ( )1 . Let L be the union of all strands of γ
other than ( )1 . The union L ∪ ˜( )1 projects to a simple closed curve γ˜ on . See
the proof of [4, Theorem 5.3].
If = −4 or −1−4, then γ˜ is a simple loop around the puncture corresponding
to the fixed point of −3 −1−4. In this case, we shall call γ a puncture-like block
of γ.
We call γ an essential block of γ if γ is not a puncture-like block. Thus γ is
an essential block if and only if γ˜ ∈ G( −1).
Next, let γ ∈ G0 ∩ G−( −3) with −3(γ) > 0. An admissible subarc γ′ of γ is
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called a puncture-like block if 1(γ′) is a puncture-like block of 1(γ), and is called
an essential block if 1(γ′) is a essential block of 1(γ). By Proposition 2.6, γ′ is
a puncture-like block of γ if and only if it is represented by ~ −3 ε−4
−1
−3 with ε =
±1.
Blocks of free homotopy classes in GL0n. For γ ∈ GL0 with −3(γ) > 0, there
are positive integers 1 . . . , and mutually disjoint geodesics β1 . . . β in G0 such
that
γ =
⊕
=1
β
where is a positive integer with ≤ − 3. An admissible subarc γ′ of γ is called
a block of γ if it is either a connected component of γ with −3(γ′) = 0, or is
a block of some β . A block γ′ of γ is called puncture-like if it is a puncture-like
block of some β , and is called essential if it is not a puncture-like block. Note that
if γ′ is a connected component of γ with −3(γ′) = 0, then γ′ ∈ G( −1). Such an es-
sential block will be called of the second kind. An essential block of γ will be called
of the first kind if it is not of the second kind.
REMARK 2.1. It follows from Proposition 2.6 that if γ ∈ GL+( −3) has a strand
joining the −3-side to the −4-side, and has a strand joining the −3-side to
the −1−4-side, then γ has a puncture-like block. Similarly, if γ ∈ GL−( −3) has
a strand joining the −1−3-side to the −4-side, and has a strand joining the −1−3-side
to the −1−4-side, then γ has a puncture-like block.
REMARK 2.2. Let γ ∈ GL0 with −3(γ) > 0. If γ has no essential blocks, then
1(γ) = 0 and −3( 2(γ)) = 0. Note that 2(γ) ∈ GL( −1). Thus the elementary inter-
section numbers of γ will be obtained from that of 2(γ) by applying induction to .
Therefore, we shall only consider the case where γ has essential blocks.
The following theorem plays an important role in the sequel.
Theorem 2.7. Let γ ∈ GL0 with −3(γ) > 0. If γ has essential blocks, then
there is an αγ ∈ GL( −1) such that
(αγ γ1−4) = (γ γ1−4) and (αγ γ ) = (γ γ )
for 1 ≤ < −4 and 1 ≤ ≤ 3. Furthermore, αγ can be chosen so that 1(α 1(γ)) =
αγ .
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Since for all , ,(
1(α 1(γ)) γ
)
=
(
α 1(γ) 1(γ )
)
=
(
1(γ) 1(γ )
)
= (γ γ )
αγ can be chosen so that 1(α 1(γ)) = αγ since for all , . Thus, we may assume
that γ ∈ GL0 ∩ GL+( −3).
First, we prove Theorem 2.7 for γ which has no puncture-like blocks. Let E be
the set of all essential blocks of γ, and for every γ′ ∈ E let
(γ′) = the number of strands of γ′ meeting the −3-side.
If γ has no essential blocks of the first kind, then any essential block of γ serves
as αγ .
Now, we assume that γ has exactly > 0 essential blocks of the first kind, say
γ1 . . . γ . Let γ˜ be the geodesic in G( −1) corresponding to γ (see the definition
of blocks), and let be the number of strands of γ˜ meeting the −3-side. Note that
(γ ) = + 1, and the strands of γ meet the −1−3-side in exactly − 1 points. Then
the strands of ∪
=1γ meet the
−1
−3-side in exactly 0 =
∑
=1( − 1) points, and meet
the −3-side in exactly 0 + 2 points.
We consider the disjoint union L of strands of all essential blocks of γ. Let 1 ≺
2 ≺ · · · ≺ be the points where L meets the −3-side, where is an integer with
≥ 0 + 2 .
CLAIM 1. For every integer with −2 +1 ≤ ≤ , the point is an endpoint
of a strand of ∪
=1γ .
We shall show that Claim 1 implies Theorem 2.7 when γ has no puncture-like
blocks. For every integer with − + 1 ≤ ≤ , let be the endpoint of other
than , and let ′ − be the point lying on the
−1
−3-side which is identified with
− by the transformation −3. There are mutually disjoint simple arcs ′ , − +
1 ≤ ≤ , in D satisfying the following two properties:
(i) Each ′ connects to ′ − .
(ii) Each ′ is disjoint from the strands of any essential block of γ except possibly
the strands − +1 . . . .
The set L′ = (L − ∪
= − +1 ) ∪ (∪ = − +1 ′ ) projects to a multiple simple loop αγ
in GL( −1), and the free homotopy class represented by αγ , still denoted by αγ , sat-
isfies the required conditions since (αγ γ1−4) =
∑
γ′∈E (γ′ γ1−4)∂D and (αγ γ ) =∑
γ′∈E (γ′ γ )∂D for 1 ≤ < − 4 and 1 ≤ ≤ 3.
Proof of Claim 1. There is nothing to prove if γ has no essential blocks γ′ of
the second kind with (γ′) > 0. Assume that γ has exactly > 0 essential blocks
γ +1 . . . γ + of the second kind with (γ + ) > 0, 1 ≤ ≤ .
ELEMENTARY INTERSECTION NUMBERS ON PUNCTURED SPHERES 739
For every with 1 ≤ ≤ , the block γ is represented by a reduced -word
~ −1−3 −3, where 6= ±1−4 is of the form =
∏ν
=1 with 1, ν ∈ −
{ ±1−3 ±12 } and ∈ − { ±12 } for 1 < < ν . Let
(1) be the strand of γ joining the −3-side to the 1-side,
(2) be the strand of γ joining the −1ν -side to the −3-side,
be the endpoint of ( ) on the −3-side for = 1, 2, and
′ be the point on the −1−3-side identified with by the transformation −3.
By the definition of γ , the point ′ is an endpoint of a strand ( ) of γ joining
the −1−3-side to the -side with ∈ { −3 ±12 }.
Suppose that there is an integer with −2 +1 ≤ ≤ such that is an end-
point of a strand of ∪
=1γ + . Then there is a such that ≺ . Let ′ be the
point on the −1−3-side identified with by the transformation −3. It follows from
the definition of γ + that ′ is an endpoint of a strand of γ joining the −1−3-side
to some -side with ∈ − ±1−3 ±12 }. Since ≺ , then ′ ≺ ′ ,
and thus ( ) must intersect transversally. This contradiction completes the proof of
the claim.
In the following, we prove Theorem 2.7 for γ which has puncture-like blocks. For
this case, we need the following two lemmas.
Lemma 2.8. If γ ∈ GL0 ∩GL+( −3) with −3(γ) > 0, and if γ has a puncture-
like block, then every essential block of γ has no strands meeting the −1−3-side.
Proof. Let γ0 be a puncture-like block of γ. There is a strand 0 of γ0 connect-
ing the −4-side and the −3-side. Let 0 be the endpoint of 0 on the −3-side.
We may choose γ0 so that 0 ≺ whenever is an endpoint of a strand of γ
on the −3-side. Let ′0 be the point on the
−1
−3-side which is identified with 0
by the transformation −3. Note that ′0 is an endpoint of a strand 0 of γ joining
the −1−3-side to the -side with ∈ { −3 2 −12 }. Also note that if ′ is an end-
point of a strand of γ on the −1−3-side, then ′0 ≺ ′ by the definition of 0.
Now, suppose that there is an essential bolck γ′ of γ such that γ′ has a strand
′ meeting the −1−3-side at a point ′. Since ′0 ≺ ′, and since γ′ has no strands
joining the −1−3-side to the -side with ∈ { −3 2 −12 }, then ′ must intersect
0 transversally. This is a contradiction.
Lemma 2.9. Let γ ∈ GL0 ∩ GL+( −3) with −3(γ) > 0, and for an arbitrary
block γ′ of γ, let (γ′) be the number of strands of γ′ meeting the −3-side. If γ has
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puncture-like blocks, then
(γ′) =

2 if γ′ is a puncture-like block,
2 if γ′ is an essential block of the first kind,
0 if γ′ is an essential block of the second kind.
Proof. It follows immediately from the definition that (γ′) = 2 whenever γ′ is
a puncture-like block of γ.
Let γ′ be an essential block of the second kind, i.e., γ′ is a simple closed
geodesic in GL( −1). If γ′ has a strand meeting the −3-side, then γ′ must have
a strand meeting the −1−3-side. This contradicts to Lemma 2.8. Therefore, (γ′) = 0.
If γ′ is an essential block of the first kind, then γ′ is represented by a reduced
-word ~ −1−3 −3, where 6= ±1−4 is of the form =
∏
=1 with 1,
∈ − { ±1−3 ±12 }, and ∈ − { ±12 } for 1 < < . There is a strand
0 of γ′ joining the −3-side to the 1-side, and there is another strand 1 of γ′ join-
ing the -side to the −3-side. Thus (γ′) ≥ 2.
Suppose that (γ′) > 2. There is a ∈ {2 . . . −1} such that = −3 or =
−1
−3. If = −3, then γ′ has a strand joining the −1−3-side to the +1-side. This is
a contradiction to Lemma 2.8. If = −1−3, then γ′ has a strand joining the −1-side
to the −1−3-side. This is a contradiction to Lemma 2.8 again. Therefore, (γ′) = 2.
Now, we complete the proof of Theorem 2.7 as follows. Let γ1 . . . γ be all
the first kind essential blocks of γ, and assume that γ has exactly > 0 puncture-
like blocks, say γ +1 . . . γ + . Note that (γ ) = 2 for all by Lemma 2.9.
Let 1 ≺ · · · ≺ be the points where the strands of γ meet the −3-side.
Note that ≥ 2 + 2 . Since γ ∈ GL0 , and since (γ′) = 0 whenever γ′ is an es-
sential block of γ of the second kind, then 1 . . . 2 +2 are endpoints of strands
of ∪ +
=1γ , and, for 2 + 2 + 1 ≤ ≤ , each is an endpoint of a strand of γ
connecting the −3-side and the −1−3-side whenever 2 + 2 + 1 ≤ ≤ .
CLAIM 2. +1 . . . +2 are the points where the strands of ∪ =1γ meet
the −3-side.
Now, for every integer with 1 ≤ ≤ , let be the strand of ∪
=1γ with
+ + an endpoint, let be the other endpoint of . Let ′ + be the point on
the −1−3-side which is identified with + by the transformation −3.
There are mutually disjoint simple arcs ′ in D connecting to ′ + for
every such that every ′ is disjoint from the strands of any essential block of γ
except possibly the strands 1 . . . . As before, let E be the set of all essential
blocks of L′ = (L − ∪
=1 ) ∪ (∪ =1 ′ ) projects to a multiple simple loop αγ
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in GL( −1). Let αγ also denote the corresponding free homotopy class. Note that if γ′
is a puncture-like block of γ, then (γ′ γ1−4)∂D = 0 = (γ′ γ )∂D for 1 ≤ < −4
and 1 ≤ ≤ 3. This completes the proof of Theorem 2.7.
Proof of Claim 2. It suffices to prove that if is the endpoint of a strand
of ∪
=1γ lying on the −3-side, then ≺ ≺ +2 + for all with 1 ≤ ≤ .
Let γ′ be the essential block of γ of the first kind such that is one of the two
points where the strands of γ′ meet the −3-side, and let be the strand of γ′
with as an endpoint.
If ∈ { 1 . . . }, then there is an integer with < ≤ 2 + 2
such that is the endpoint of a strand of ∪
=1γ + connecting the −3-side to
the −4-side. Thus the other endpoint of must lie on the −4-side with ≺
, where is the endpoint of other than . Let ′ and ′ be the points lying
on the −1−4-side which are identified with and respectively by the transforma-
tion −4. Let ′ be the strand of γ′ with ′ as an endpoint. Since ′ ≺ ′ , then
′ must connect the −4-side to the −3-side. This implies that γ′ is a puncture-like
block of γ, which is a contradiction. Therefore, ≺ for all with 1 ≤ ≤ .
By a similar argument, one proves that ≺ +2 + for 1 ≤ ≤ .
2.4. The integer valued functions Nj . To formulate elementary intersection
numbers, in addition to the integer valued functions defined in §2.1, we shall need
other − 3 integer valued functions , 1 ≤ ≤ − 3. These functions are ana-
logues of the integer valued functions and defined in [4].
We shall define an integer valued function ( ) on GL for any given integer
> 0 with ≤ − 3 so that
( )(γ) = ( −1)( −1(γ))
whenever γ ∈ GL( −1) and ≤ − 4, where is defined in §2.3. This means that
( −1) can be regarded as the restriction of ( ) to GL( −1) whenever 1 ≤ ≤ − 4.
Thus ( ) can be simply written as . Furthermore, this allows us to define in-
ductively by using Theorem 2.7.
First, we define the functions ( )1 and
( )
−3. If γ =
⊕ −3
=1 γ
1 with ( 1 . . .
−3) ∈ Z −3+ , we define
( )(γ) = = #(strands of γ connecting the -side and the −1-side),
for = 1 or − 3.
Now, we define ( )1 (γ) and ( )−3(γ) for γ ∈ ĜL , where
ĜL = GL −

−3⊕
=1
γ1 : ( 1 . . . −3) ∈ Z −3+

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If γ ∈ GL+( 1), let
( )
1 (γ) = #(strands of γ joining the −11 -side to the ε1 -side)
+ #(strands of γ joining the 1-side to the −11 -side)
where ε = ±1. If γ ∈ GL+( −3), let
( )
−3(γ) = #(strands of γ joining the −1−3-side to the ε2 -side)
+ #(strands of γ joining the −3-side to the −1−3-side)
For = 1 or − 3, and for γ ∈ GL−( ) ∩ ĜL , let
( )(γ) = − ( )( 1(γ))
It is clear that the definition of ( )1 is independent of since ≥ 5. Thus ( )1
will be simply written as 1.
REMARK 2.3. For = 5, let and be the integer valued functions defined
in [4], and let 1 and 2 = ( )−3 be the integer valued functions defined above. Then
for γ ∈ GL5 we have
1(γ) = (γ) and 2(γ) = − (γ)
Note that the geodesic γ23 defined in [4] and the geodesic γ32 defined in this article
are imgaes of each other under 1. Thus, the following equations are also valid for
γ ∈ GL5 (see [4, Corollary 3.4]):
(γ γ21) = 2| 1(γ)| + | 2(γ)− 1(γ)| + 2(γ)− 1(γ)
(γ γ31) = 2| 1(γ)− 1(γ)| + | 2(γ)− 1(γ)| + 2(γ)− 1(γ)
(γ γ22) = 2| 2(γ)| + | 1(γ)− 2(γ)| + 1(γ)− 2(γ)
(γ γ32) = 2| 2(γ)− 2(γ)| + | 1(γ)− 2(γ)| + 1(γ)− 2(γ)
In §2.5, we shall prove similar formulas for elementary intersection numbers of γ ∈
GL for an arbitrary integer ≥ 5.
For integers and with 1 < ≤ − 4, the integer valued functions ( ) on
GL are defined as follows. We first define ( )(γ) for γ ∈ GL0 .
(i) If −3(γ) = 0, then there exist ( 1 . . . −3) ∈ Z −3+ and mutually disjoint
geodesics γ1 . . . γ −4 in GL( −1) such that
γ =
−4⊕
=1
γ ⊕ −3γ1−3(5)
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Let
αγ =
−4⊕
=1
γ(6)
and we define
( )(γ) = ( −1)( −1(αγ))
In particular, if γ ∈ GL( −1), then −3 = 0, αγ = γ, and
( )(γ) = ( −1)( −1(γ))
(ii) If −3(γ) > 0, and if γ has essential blocks, we define
( )(γ) = ( −1)( −1(αγ))
where αγ ∈ GL( −1) is given in Theorem 2.7.
(iii) If −3(γ) > 0, and if γ has no essential blocks, we define
( )(γ) = 0
From (i), we know that ( −1) is the restriction of ( ) to GL( −1) ≡ GL −1 for any
two integers and with 1 < ≤ − 4. Note that ( −1)−4 = (ν)ν−3, where ν = − 1.
From now on, we shall write ( ) as for 1 ≤ ≤ − 3.
Now, for an arbitrary γ ∈ GL and for an arbitrary integer with 1 < ≤ − 4,
we define
(γ) =
{ (T −22 (γ)) if γ ∈ GL+( −3),(T 22 (γ)) if γ ∈ GL−( −3).
To prove that is well-defined, we have to show that
(γ) =
{ (T −22 (γ)) for all γ ∈ GL+( −3) ∩ GL0 ,(T 22 (γ)) for all γ ∈ GL−( −3) ∩ GL0 .
Without loss of generality, we may assume that γ ∈ G0. There is nothing to prove if
−3(γ) = 0 since in this case T2(γ) = γ. Assume that γ ∈ G−( −3) with −3(γ) =
> 0. Then γ is represented by a cyclic reduced -word as given in (3), say =∏
=1
−
−3
ε
2 −3 with > 0 and > 0 for all . Since
T 22 ( ) =
∏
=1
− −1
−3
ε
2
+1
−3
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γ has essential blocks if and only if T 22 (γ) = γ˜ has essential blocks. Thus (γ) =
0 = (γ˜) whenever γ has no essential blocks. When γ has essential blocks, αγ is
completely determined by the subwords −3 −1−3, 1 ≤ ≤ , and so is αγ˜ . This
proves that (γ) = (γ˜) since αγ = αγ˜ .
If γ ∈ G0 ∩ G+( −3), then γ is represented by a cyclic reduced -word as given
in (4). A similar argument as above, one proves easily that (γ) = (T −22 (γ)).
Therefore, is well-defined.
Note that since ( )−4 ≡ (ν)ν−3 with ν = − 1, from the definition of −3, we
may interpretate −4 geometrically. This gives a geometric interpretation for ev-
ery integer with 1 < ≤ − 4. From Proposition 2.5, we assume that γ ∈ GL0 .
Let GL+( −4) be the set of all γ in GL0 which satisfy either one of the following
two conditions:
(i) If −3(γ) = 0, then γ has no strands connecting the −4-side to the ε−3-side,
where ε = ±1.
(ii) If −3(γ) > 0, then every essential block of γ has no strands connecting
the −4-side to the ε−3-side, where ε = ±1.
Let GL−( −4) = 1(GL+( −4)). If γ =
⊕ −3
=1 γ
1 with ( 1 . . . −3) ∈ Z −3+ , then
( )
−4(γ) = −4 = #(strands of γ joining the −4-side to the −1−4-side).
Let ε = ±1. If γ ∈ GL+( −4) ∩ ĜL with −3(γ) = 0, then
( )
−4(γ) = #(strands of γ joining the −4-side to the −1−4-side)
+ #(strands of γ joining the ε−3-side to the −1−4-side).
If γ ∈ GL+( −4) ∩ ĜL with −3(γ) > 0, then
( )
−4(γ) =
∑
γ′∈E
( )
−4(γ′)(7)
where E is the set of all essential blocks of γ, and where
( )
−4(γ′) = #(strands of γ′ joining the −4-side to the −1−4-side)
+ #(strands of γ′ joining the ε−3-side to the −1−4-side)
for γ′ ∈ E . When E is empty, the integer on the right of (7) is defined to be zero.
If γ ∈ GL−( −4) ∩ ĜL , then ( )−4(γ) = − ( )−4( 1(γ)).
2.5. Elementary intersection formulas. This subsection is devoted to proving
the main theorem:
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Theorem 2.10 (Elementary intersection formulas). For an arbitrary integer ≥ 6,
if γ ∈ GL , then
(γ γ21) = 2| 1(γ)| + | 2(γ)− 1(γ)| + 2(γ)− 1(γ)
(γ γ31) = 2| 1(γ)− 1(γ)| + | 2(γ)− 1(γ)| + 2(γ)− 1(γ)
(γ γ2−3) = 2| −3(γ)| + | −4(γ)− −3(γ)| + −4(γ)− −3(γ)
(γ γ3−3) = 2| −3(γ)− −3(γ)| + | −4(γ)− −3(γ)| + −4(γ)− −3(γ)
and for every integer with 1 < < − 3
(γ γ2) = 2| (γ)| + | −1γ)− (γ)| + −1(γ)− (γ)
+ | +1(γ)− (γ)| + +1(γ)− (γ)
(γ γ3) = 2| (γ)− (γ)| + | −1(γ)− (γ)| + −1(γ)− (γ)
+ | +1(γ)− (γ)| + +1(γ)− (γ)
For the proof of Theorem 2.10, we need the following two immediate conse-
quences of the definition of .
Lemma 2.11. If γ ∈ GL , then 1(γ) = −3( 2(γ)).
Lemma 2.12. If ( 1 . . . −3) ∈ Z −3+ and (γ1 . . . γ −3) ∈ −3, then( −3⊕
=1
γ
)
=
−3∑
=
(γ ) for every integer with 1 ≤ ≤ − 3.
For = 2 or 3, the elementary intersection numbers (γ γ1 ) and (γ γ −3) are
related as follows:
(γ γ −3) =
(
2(γ) 2(γ −3)
)
=
(
2(γ) γ1
)
From Proposition 2.1, we obtain 1( 2(γ)) = −3γ) and 2( 2(γ)) = −4(γ). Now,
by Lemma 2.11, the elementary intersection formulas for (γ γ2−3) and (γ γ3−3)
follow immediately from those for (γ γ21 ) and (γ γ31 ).
On the other hand, (γ γ31) = (T1(γ) γ21) since γ31 = T −11 (γ21 ). Thus, by Proposi-
tion 2.3, one derives easily the elementary intersection formula for (γ γ31) from that
for (γ γ21) if
1
(T1(γ)) = 1(γ)− 1(γ)
By use of the word given in (3), one proves easily the following more general results
by a similar argument as that in [4, Proposition 2.8].
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Lemma 2.13. Let γ ∈ GL , and let ν be an arbitrary integer. Then
1
(T ν2 (γ)) = 1(γ) 1(T ν1 (γ)) = 1(γ)− ν 1(γ)
−3
(T ν1 (γ)) = −3(γ) −3(T ν2 (γ)) = −3(γ)− ν −3(γ)
For the proof of Theorem 2.10, it remains to prove the elementary intersection for-
mulas for (γ γ21 ), (γ γ2) and (γ γ3) for 1 < < − 3.
First, we prove the elementary intersection formula for (γ γ21) by applying induc-
tion to for ≥ 5. For the case of = 5, the assertion is proved in [4, Corollary 3.4].
Assume that > 5, and that the equation holds for γ ∈ GL( −1).
Now, let γ ∈ GL . If −3(γ) = 0, write γ as given in (5), and let αγ ∈ GL( −1)
be given in (6). By the definition, 1(γ) = 1(αγ). Since (γ1−3 β) = 0 for β ∈
GL( −1), then (γ) = (αγ) for = 1, 2. The assertion follows for the case since
(γ γ21 ) = (αγ γ21 ).
Assume that −3(γ) > 0. Since (γ γ21 ) = ( 1(γ) γ21 ), we may assume that γ ∈
GL+( −3). Moreover, by considering T −22 (γ), from Proposition 2.4, Proposition 2.5
and Lemma 2.13 we may assume that γ ∈ GL0 ∩ GL+( −3).
If γ has no essential blocks, we have 1(γ) = 2(γ) = 0 = (γ γ21). By the definition
of 1, we have 1(γ) = 0 since 1(γ) = 0. Now, the intersection formula for (γ γ21)
holds trivially in this case.
If γ has essential blocks, then (αγ) = (γ) for = 1, 2, and (αγ γ21 ) = (γ γ21),
where αγ is given in Theorem 2.7. Note that αγ ∈ GL( −1) and 1(γ) = 1(αγ).
The proof of the intersection formula for (γ γ21 ) is then completed by induction hy-
pothesis.
In the rest of this subsection, we prove the intersection formulas for (γ γ2) and
(γ γ3) with 1 < < −3, by applying induction to ≥ 6. If = 6, then the formulas
are exactly the same as given below.
Lemma 2.14. If ≥ 6, and if γ ∈ GL , then
(γ γ2−4) = 2| −4(γ)| + | −5γ)− −4(γ)| + −5(γ)− −4(γ)
+| −3(γ)− −4(γ)| + −3(γ)− −4(γ)
(γ γ3−4) = 2| −4(γ)− −4(γ)|
+| −5(γ)− −4(γ)| + −5(γ)− −4(γ)
+| −3(γ)− −4(γ)| + −3(γ)− −4(γ)
With Lemma 2.14, we first complete induction step as follows. Assume that
> 6. From Lemma 2.14, we may assume that 1 < < − 4. If −3(γ) = 0, then
we write γ and αγ ∈ GL( −1), respectively, as in (5) and (6). Since (αγ) = (γ)
and (αγ) = (γ) for 0 < − 1 ≤ ≤ < − 4, the assertions hold for this case
by induction hypothesis.
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Assume that −3(γ) > 0. If γ has no essential blocks, then (γ) = 0 = (γ) for
1 < < − 3, and (γ γ ) = 0 for 1 < < − 4 and for = 2, 3. If γ has essential
blocks, we may assume that γ ∈ GL0 . Let αγ ∈ GL( −1) be given in Theorem 2.7.
By the induction hypothesis again, the proof is complete.
For the proof of Lemma 2.14, we need:
Lemma 2.15. If γ ∈ GL0 with −3(γ) > 0, then γ has exactly
| −3(γ)− −4(γ)| + −3(γ)− −4(γ)
2
puncture-like blocks.
Proof. Without loss of generality, we assume that γ ∈ GL+( −3). Let E de-
note the set of all essential blocks of γ. If γ′ is a puncture-like block of γ, then
(γ′ γ1−4) = 0 and 2 −4(γ) =
∑
γ′∈E (γ′ γ1−4)∂D .
Let −3(γ) = , and let ≥ 0 be the number of puncture-like blocks of γ. Then
γ has exactly = − essential blocks of the first kind. If = 0, then 2 −4(γ) ≥∑
γ′∈E (γ′ γ1−4)∂D ≥ 2 = 2 −3(γ), and | −3(γ)− −4(γ)| + −3(γ)− −4(γ) =
0 = 2 .
Now, assume that > 0. It follows from Lemma 2.9 that
(γ′ γ1−4)∂D =
{
2 if γ′ is an essential block of γ of the first kind,
0 if γ′ is an essential block of γ of the second kind.
If = , then γ has no essential blocks of the first kind, and
2 −4(γ) =
∑
γ′∈E
(γ′ γ1−4)∂D = 0
Thus | −3(γ)− −4(γ)| + −3(γ)− −4(γ) = 2 = 2 .
If 0 < < , let γ1 . . . γ be the essential blocks of γ of the first kind. Then
2 −4(γ) =
∑
=1 (γ γ1−4)∂D = 2 = 2 −3(γ)− 2 , and
2 = 2{ −3(γ)− −4(γ)} = | −3(γ)− −4(γ)| + −3(γ)− −4(γ)
Proof of Lemma 2.14. It suffices to prove the lemma for γ ∈ G . We shall prove
the lemma for γ ∈ G+( −3). By a similar argument, one proves the lemma for γ ∈
G−( −3).
If γ ∈ G+( −3), then −4(T −2(γ)) = −4(γ) by the definition of −4. Note
that (γ γ −4) = (T −22 (γ) γ −4) for = 2, 3, and that 2 (γ) = 2 (T −22 (γ)) for
− 5 ≤ ≤ − 3. By Proposition 2.5, we may assume that γ ∈ G0 ∩ G+( −3).
If −3(γ) = 0, then γ ∈ G( −1), and
| −3(γ)− −4(γ)| + −3(γ)− −4(γ) = 0
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By letting ν = − 1, we have
(γ γ2−4) = 2| ν−3(γ)| + | ν−4(γ)− ν−3(γ)| + ν−4(γ)− ν−3(γ)
= 2| −4(γ)| + | −5(γ)− −4(γ)| + −5(γ)− −4(γ)
+| −3(γ)− −4(γ)| + −3(γ)− −4(γ)
Similarly, we obtain the intersection formula for (γ γ3−4).
If −3(γ) = > 0, then γ is represented by a cyclic reduced -word as given
in (3). Note that > 0 and > 0 for 1 ≤ ≤ . For every , let γ be the block
of γ represented by ~ −1−3 −3, and let β(γ ) be the admissible subarc of γ repre-
sented by
~ −3
−1
−3
ε
2
−
−3 −3
Note that every γ is a subarc of β(γ ), and that (β(γ ) γ −4) = 2 for = 2 or
3 whenever γ is puncture-like. Let E be the set of all essential blocks of γ. From
Lemma 2.15, we have, for = 2 or 3,
(γ γ −4) = | −3(γ)− −4(γ)| + −3(γ)− −4(γ) +
∑
γ ∈E
(
β(γ ) γ −4
)
∂D
If γ has no essential blocks, then the lemma holds trivially for γ since −3(γ) =
−4(γ) = −4(γ) = 0.
Now, assume that E is not empty. Note that every essential block of γ is of
the first kind since γ ∈ G . Let L be the union of all strands of γ which connect
the −1−3-side to the -side with ∈ { −3 2 −12 }.
For = 2 or 3, each γ −4 has a unique strand meeting the
−1
−3-side. Let ′
be the endpoint of lying on the −1−3-side, and let be the point on the −3-side
which is identified with ′ by the transformation −1−3.
Since (γ −4 γ1−3) = 0, we may assume that is disjoint from L. This im-
plies that ′ ≺ ′ whenever ′ is an endpoint of some strand in L meeting
the −1−3-side, and that ≺ whenever is the endpoint of some strand of γ
lying on the −3-side. Thus, we have∑
γ ∈E
(
β(γ ) γ −4
)
∂D =
∑
γ ∈E
(γ γ −4)∂D = (αγ γ −4)
where αγ ∈ GL( −1) is given in Theorem 2.7. By letting ν = − 1, we obtain
(αγ γ2−4) = 2| ν−3(αγ)| + | ν−4(αγ)− ν−3(αγ)|
+ ν−4αγ)− ν−3(αγ)
(αγ γ3−4) = 2| ν−3(αγ)− ν−3(αγ)| + | ν−4(αγ)− ν−3(αγ)|
+ ν−4(αγ)− ν−3(αγ)
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The proof of Lemma 2.14 is complete.
3. A Mapping of I(Gn) into a Sphere
In this section, we construct a continuous mapping from πI(G ) into R3( −3)
whose image set is a sphere of dimension 2 − 7. The mapping will be constructed
in a similar way as that given in [4] for the case of = 5. We shall first define
the restriction of on GL homogeneously, and extend it to π−1πI(GL ). Note that
πI(G ) = πI(GL ). By a continuity argument as in [4, §4.3], one proves that ex-
tends continuously to π−1πI(G ). Since the restriction π to π−1πI(G ) is a quotient
map, the required continuous mapping is then obtained.
For the definition of on GL , we first construct a function ψ0 from GL into
R3( −3) whose values are written in terms of elementary intersection numbers. For ev-
ery γ ∈ GL , we write
ψ0(γ) =
( 1
1 (γ) 21 (γ) 31 (γ) . . . 1−3(γ) 2−3(γ) 3−3(γ)
)
where (γ) = (γ γ )/λ(γ) for 1 ≤ ≤ − 3 and for 1 ≤ ≤ 3, and where
λ(γ) = ∑ −3
=1
∑3
=1 (γ γ ). Note that the image of ψ0 lies in
′
= ∩
( 1 2 . . . 3( −3)) ∈ R3( −3) : 1− 2
−4∑
=1
| 3 −2 − 3 +1| > 0

where = {( 1 2 . . . 3( −3)) ∈ R3( −3) :
∑3( −3)
=1 = 1}. For later use, we define
the function : R3( −3) −→ R by
( 1 2 . . . 3( −3)) = 1− 2
−4∑
=1
| 3 −2 − 3 +1|
Following [4], we define the mapping : GL −→ R3( −3) by
(γ) = (ξ11(γ) ξ21(γ) ξ31(γ) . . . ξ1−3(γ) ξ2−3(γ) ξ3−3(γ))
where for every 1 ≤ ≤ − 3
ξ1(γ) = 2 (γ)
ρ(γ) ξ
2(γ) = 2| (γ)|
ρ(γ) and ξ
3(γ) = 2| (γ)− (γ)|
ρ(γ)
and ρ(γ) = 2∑ −3
=1 { (γ)+| (γ)|+| (γ)− (γ)|}. It is easy to see that (γ) ∈ =
C −3 ∩ for every γ ∈ GL , where C is the set of points ( 1 2 3) ∈ R3+ satisfying:
2 + 3 = 1 1 + 3 = 2 or 1 + 2 = 3
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A similar argument to that given in [4, §4.2] proves that is homeomorphic to
a sphere of dimension 2 − 7.
We shall prove that there is a homeomorphism ψ1 of ′ onto so that
= ψ1 ◦ ψ0. Then we obtain:
Theorem 3.1. The function extends to πI(G ) = πI(GL ) as a continuous
mapping into a sphere of dimension 2 − 7.
It remains to construct the mapping ψ1. For γ ∈ GL , let
ν(γ) = 1− 4
λ(γ)
−4∑
=1
| (γ)− +1(γ)| = 1− 2
−4∑
=1
| 1(γ)− 1+1(γ)|
A direct computation shows that ρ(γ) = λ(γ)ν(γ), and the followings:
ξ1(γ) =
1(γ)
ν(γ) for 1 ≤ ≤ − 3,
ξ21(γ) =
2
1 (γ)
ν(γ) −
| 12 (γ)− 11 (γ)| + { 12 (γ)− 11 (γ)}
2ν(γ)
ξ31(γ) =
3
1 (γ)
ν(γ) −
| 12 (γ)− 11 (γ)| + { 12 (γ)− 11 (γ)}
2ν(γ)
ξ2−3(γ) =
2
−3(γ)
ν(γ) −
| 1−4(γ)− 1−3(γ)| + { 1−4(γ)− 1−4(γ)}
2ν(γ)
ξ3−3(γ) =
3
−3(γ)
ν(γ) −
| 1−4(γ)− 1−3(γ)| + { 1−4(γ)− 1−4(γ)}
2ν(γ)
and for 1 < < − 3
ξ2(γ) =
2(γ)
ν(γ) −
| 1−1(γ)− 1(γ)| + { 1−1(γ)− 1(γ)}
2ν(γ)
−|
1
+1(γ)− 1(γ)| + 1+1(γ)− 1(γ)}
2ν(γ)
ξ3(γ) =
3(γ)
ν(γ) −
| 1−1(γ)− 1(γ)| + { 1−1(γ)− 1(γ)}
2ν(γ)
−|
1
+1(γ)− 1(γ)| + 1+1(γ)− 1(γ)}
2ν(γ)
The above equations motivate the function ψ1 : ′ −→ R3( −3) defined by
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ψ1( 1 2 . . . 3( −3)) = ( 1 2 . . . 3( −3)), where
= ( 1 2 . . . 3( −3)) for = 3 − 2 with 1 ≤ ≤ − 3
= ( 1 2 . . . 3( −3)) −
| 4 − 1| + ( 4 − 1)
2 ( 1 2 . . . 3( −3)) for = 2, 3,
= ( 1 2 . . . 3( −3)) −
| 3 −14 − 3 −11| + ( 3 −14 − 3 −11)
2 ( 1 2 . . . 3( −3))
for = 3 − 10 or 3( − 3), and
3 −1 =
3 −1
( 1 2 . . . 3( −3)) −
| 3 −5 − 3 −2| + ( 3 −5 − 3 −2)
2 ( 1 2 . . . 3( −3))
−| 3 +1 − 3 −2| + ( 3 +1 − 3 −2)
2 ( 1 2 . . . 3( −3))
3 =
3
( 1 2 . . . 3( −3)) −
| 3 −5 − 3 −2| + ( 3 −5 − 3 −2)
2 ( 1 2 . . . 3( −3))
−| 3 +1 − 3 −2| + ( 3 +1 − 3 −2)
2 ( 1 2 . . . 3( −3)) for 1 < < − 3.
A direct computation proves that ψ1 maps ′ into by showing that
3( −3)∑
=1
= 1 and 1 + 2
−4∑
=1
| 3 −2 − 3 +1| = 1( 1 2 . . . 3( −3))
From the definition of ψ1, one proves easily that ψ1 is indeed a homeomorphism of ′
onto .
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